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We discuss an R + Rn class of modiﬁed N = 1, D = 4 supergravity models where the deformation
is a monomial Rn|F in the chiral scalar curvature multiplet R of the “old minimal” auxiliary ﬁeld
formulation. The scalaron and goldstino multiplets are dual to each other in this theory. Since one of
them is not dynamical, this theory, as recently shown, cannot be used as the supersymmetric completion
of R + Rn gravity. This is conﬁrmed by investigating the scalar potential and its critical points in the
dual standard supergravity formulation with a single chiral multiplet with speciﬁc Kähler potential and
superpotential. We study the vacuum structure of this dual theory and we ﬁnd that there is always
a supersymmetric Minkowski critical point which however is pathological for n  3 as it corresponds
to a corner (n = 3) and a cusp (n > 3) point of the potential. For n > 3 an anti-de Sitter regular
supersymmetric vacuum emerges. As a result, this class of models are not appropriate to describe
inﬂation. We also ﬁnd the mass spectrum and we provide a general formula for the masses of the
scalars of a chiral multiplet around the anti-de Sitter critical point and their relation to osp(1,4) unitary
representations.
© 2013 Elsevier B.V. All rights reserved.1. Introduction
Motivated by the latest Planck mission data [1,2], there has
been recently a renewed interest in R+ R2 bosonic theories, which
realize the Starobinsky model of inﬂation. The supersymmetric ex-
tension of such theories depends on the off-shell degrees of free-
dom of supergravity. As there are two such minimal extensions, old
and new minimal supergravity, there are two inequivalent ways to
supersymmetrize the bosonic R + R2 theory. This has been done
originally in [3] in the old minimal supergravity framework and
in [4] in new minimal formulation. These theories have the com-
mon feature of adding to pure supergravity four bosonic and four
fermionic degrees of freedom, two chiral multiplets in old minimal
[3] and a massive vector multiplet in new minimal [4], in accor-
dance with the linearized analysis given in [14]. Recently, these
theories have been considered [5–11] in the light of the new con-
straints set by the Planck mission on inﬂation [2].
In the same spirit, there was an effort to supersymmetrize
bosonic f (R) gravity theories, called “F (R) supergravity” [12,13].
On the gravity side, one may eliminate either the vector auxiliary
Aμ or the complex scalar auxiliary X of the off-shell gravity multi-
1 On leave of absence from Department of Physics and Astronomy, University of
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http://dx.doi.org/10.1016/j.physletb.2013.10.027plet depending on an integration by parts. Integrating out Aμ one
gets a gravity theory with propagating X [15]. Integrating X , one
gets a non-linear theory for R and Aμ where both the scalaron and
DμAμ are propagating. This theory when Aμ is neglected reduces
to the theory considered in [12,13]. Both supergravities are dual
to standard supergravity coupled to a chiral multiplet. The latter
is dual to two propagating bosonic degrees of freedom on the su-
pergravity side, depending on which one of the auxiliary ﬁelds has
been integrated out. Here we will investigate the dual theory for
models with higher powers of the chiral superﬁeld curvature mul-
tiplet. We will see that for this class of models, the dual theory is
standard supergravity coupled to a single chiral multiplet with a
no-scale Kähler potential and a given superpotential. The induced
scalar potential fails to have a de Sitter asymptotic regime as it has
already been observed in [8]. In addition, we will ﬁnd the vacuum
structure of the resulting supergravity and we will provide a gen-
eral formula for the masses of the scalars on supersymmetric AdS
vacua.
Theories without two gravitationally generated chiral multi-
plets fail to reproduce the linearized analysis of [14] and, as
shown in [15], R + R2 or Rn power modiﬁcations of Einstein
supergravity. Models which are the supersymmetric completion
of R + R2 and reproduce the Starobinsky model are not unique
since they allow a Kähler potential and superpotential for the
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minimal Kähler potential modiﬁcations for the goldstino are re-
quired for the inﬂaton ﬂow to be a stable direction in ﬁeld
space. The same class of models have been recently revisited
and further investigated by the proponents of F (R) supergrav-
ity [16].
In the next Section 2, we review modiﬁcations of gravity by
higher curvature terms in the old minimal formulation. In Sec-
tion 3, we discuss particular R+Rn modiﬁcations and the struc-
ture of the vacuum of the dual standard supergravity. In Section 4,
we calculate the mass spectrum of a supergravity theory coupled
to a single chiral multiplet around a supersymmetric AdS vacuum
and we identify it with unitary representations of osp(1,4). Finally,
we conclude in Section 5.
2. Modiﬁed supergravity by higher curvature terms
The R + R2 theory, as it is revealed by a linearized analysis [14]
contains the degrees of freedom of two chiral multiplets. Three
of them come from the Einstein supergravity auxiliaries X, ∂μAμ
where [17–19]
X = 1
3
u = 1
3
(S − i P ), (1)
and the fourth comes from the scalar curvature R . The minimal
R + R2 theory is given by
LR+R2 = γ [S0 S¯0]D + α[RR¯]D , (2)
where the two D-terms above are the supersymmetric extension
of the R+ R2 bosonic theory. Here S0 is the compensator chiral su-
perﬁeld, with scaling weight and chiral weight equal to 1, the cur-
vature chiral superﬁeld R has scaling and chiral weight equal to 1
as well, and [O ]D,F are the standard D- and F -term density for-
mulae of conformal supergravity, where O is a real superﬁeld with
scaling weight 2 and vanishing chiral weight. The bosonic compo-
nents of the curvature chiral scalar multiplet R are
R= X¯ + · · · + θ2FR , (3)
where
FR = −1
2
R − 3A2μ + 3iDμAμ. (4)
Let us also note that R/S0 is of zero chiral and Weyl weight and
its bosonic content is
R/S0 = X¯ + · · · + θ2(FR − 18X X¯). (5)
There is an alternative modiﬁed supersymmetric action, consid-
ered in the literature [12,13] as an alternative “ f (R)” action, given
by the F -term
L f (R) =
[
F (R/S0)S30
]
F , (6)
whose linear and constant terms are representing the Einstein
term and a cosmological constant. The other higher order terms
make only one of the two chiral multiplet degrees of freedom
propagating and therefore cannot describe R + R2 gravity. As
shown in [15], the bosonic part of this action (including all aux-
iliary ﬁelds X, Aμ) is
Lbos = −12
√−g{27X F ( X¯) − 18F ′( X¯)X X¯ + F ′( X¯)FR}+ h.c. (7)
By noticing that ImFR = 3∂μAμ and integrating by parts this term
we can solve for Aμ . Then in Eq. (7) we ﬁnd that the scalar X is
propagating [15]Lbos|δL/δAμ=0 =
1
2
√−gR − 3
4
1
[Re F ′( X¯)]2
{(
∂μ Re F
′( X¯)
)2
+ (∂μ Im F ′( X¯))2}+ √−g(−27Re(X F ( X¯))
+ 18Re(F ′( X¯))X X¯). (8)
This Lagrangian has a gravity dual with a seemingly different
action involving non-linear R terms and the propagating ∂μAμ
auxiliary scalar. The dual action is obtained by integrating X in
Eq. (7) and leads to
Lbos|δL/δX=0 = LDbos(FR , F¯R). (9)
If we set Aμ = 0 so that FR = −R/2, we get the non-linear R-
theory constructed in [12,13]. The dual gravity theories described
by Eqs. (8), (9) are both dual to a standard supergravity of a self
interacting chiral multiplet with a superpotential term. We are go-
ing to investigate the vacuum of the latter for a particular class of
models where the superpotential can easily be computed.
From Eq. (8) it is obvious that the physical chiral multiplet is
Λ = F ′( X¯) so a Legendre transform can be performed to express
the theory in Λ (rather that X¯) variables, and to ﬁnd its super-
potential. To explicitly show this, one may consider an action in
superconformal calculus and in the old minimal supergravity con-
text, of the form
L= −[S0 S¯0]D +
[
S30 f (R/S0)
]
F . (10)
This theory can be obtained from
LD = −[S0 S¯0]D +
[
Λ
(
A − R
S0
)
S30
]
F
− [S30 f (A)]F . (11)
Indeed, integrating out the Lagrange multiplier superﬁeld Λ
in (11), we get back to the original theory (10). However, by using
the identity [3,15]
[
ΛRS20
]
F =
[
(Λ + Λ¯)S0 S¯0
]
D , (12)
we may write (11) as
LD = −
[
(1+ Λ + Λ¯)S0 S¯0
]
D +
[(
ΛA − f (A))S30]F . (13)
By integrating out the chiral Lagrange multiplier A, we obtain
the dual action
LD |δLD/δA = −
[
(1+ Λ + Λ¯)S0 S¯0
]
D +
[
W (Λ)S30
]
F , (14)
where
W (Λ) = (A f ′(A) − f (A))| f ′(A)=Λ. (15)
3. Rn modiﬁcation of supergravity
As we have seen above, the theory (6) can be described in
a dual formulation by standard supergravity coupled to a single
chiral multiplet. Although the discussion could be kept general, we
will consider here the case
f (A) = εn An, (16)
which corresponds to the choice (F = −1− f )
F (R/S0) = −R/S0 + 	n(R/S0)n. (17)
In this case we get the superpotential
W (Λ) = λnΛ nn−1 , λn = ε
1
1−n
n (n − 1)n
n
1−n (18)
and after deﬁning Λ as
316 S. Ferrara et al. / Physics Letters B 727 (2013) 314–318Fig. 1. The scalar potential V (C) at B = 0 and n = 2,3 and n > 3 is given in the left ﬁgure. The right ﬁgure magniﬁes the region near C = 1, where the “corner” and the cusp
are easily recognized for n = 3 and n > 3, respectively.Λ = T − 1
2
, (19)
the theory is described by
L= −[(T + T¯ )S0 S¯0]D + λn
[(
T − 1
2
) n
n−1
S30
]
F
. (20)
In other words, the theory has been turned into standard super-
gravity with a no-scale Kähler potential [20]
K = −3 log(T + T¯ ), Re T > 0 (21)
and superpotential
W (T ) = λn
(
T − 1
2
) n
n−1
= λn
2
n
n−1
(C − 1+ iB) nn−1 , (22)
where we have parametrized T as T = (C + iB)/2 so C > 0. It is
straightforward now to calculate the potential using the standard
formula
V = 1
(T + T¯ )2
{
1
3
(T + T¯ )|WT |2 − WW¯T − W¯WT
}
. (23)
Explicitly, we have
V = λ
2
n
(T + T¯ )2
n
n − 1
∣∣∣∣T − 12
∣∣∣∣
2
n−1{ n
n − 1
T + T¯
3
− (T + T¯ ) + 1
}
, (24)
and in terms of C, B , the potential V is
V = λ
2
n
4
1
n−1
n
n − 1
1
C2
{
(C − 1)2 + B2} 1n−1
{
C
3− 2n
3(n − 1) + 1
}
. (25)
The form of the potential for n = 2,3 and n > 3 has been plotted
in Fig. 1. Note that the canonically normalized scalar is φ deﬁned
by C = 2Re T = e
√
2
3 φ .
In order to ﬁnd the supersymmetric vacua of the theory, one
should look for the solutions of
DTW = ∂T W + KT W = 0, (26)
which are B = 0 and
1
1 (C − 1)
1
n−1
{
n
n − 1 −
3
2
1
C
(C − 1)
}
= 0. (27)2 n−1Eq. (27) has two solutions:
W = ∂T W = 0 (V = 0), C = 1, B = 0 (Minkowski), (28)
and
W = 0 (V = −3eG), G = K + log |W |2 (AdS). (29)
A solution to Eq. (29) exists for n > 3 and it is explicitly given by
C = 3(n − 1)
n − 3 , B = 0, n > 3, AdS vacuum. (30)
Note that the zeros of the potential V = 0 are at
C = 1, B = 0 and C = 3(n − 1)
2n − 3 , B = 0. (31)
In order to explicitly study the vacuum structure of the the-
ory, we should distinguish three cases according to the asymp-
totic behavior of the potential for large values of the ﬁelds C . As
C → ∞ we may have: I) V → −∞, II) V → − 38 and III) V → 0− .
These cases correspond to: I) n = 2, II) n = 3 and III) n > 3, re-
spectively. In the case I), there exists a local minimum at C = 1
where the potential vanishes and corresponds, as we will see, to
a supersymmetric Minkowski vacuum. There is also a maximum
at C = 2 which is not supersymmetric. In the n = 3 case, there
exists a supersymmetric Minkowski vacuum at C = 1, which is
now a “corner”, i.e. a point where the ﬁrst derivative has a ﬁnite
discontinuity. There exists also a non-supersymmetric maximum
which is at C = 4/3. Finally, for n > 3 there exists the supersym-
metric Minkowski vacuum at C = 1, which is now a cusp, the
non-supersymmetric maximum at
C1 = 2(n − 1)
2n − 3 , B1 = 0, (32)
and a supersymmetric one at
C2 = 3(n − 1)
n − 3 , B2 = 0. (33)
The above vacuum structure has been tabulated in Table 1.
The masses of the C, B ﬁelds are given in the two cases as (with
λn = 1)
m2C1 = 2K−1T T¯ VCC
∣∣
C1,B1
= −2
2
1−n n(4n − 3)(2n − 3) 2(n−2)n−1
9(n − 1)3 < 0, (34)
m2B1 = 2K−1T T¯ V BB
∣∣
C1,B1
= 2
2
1−n n(2n − 3) 2(n−2)n−1
2
> 0, (35)
9(n − 1)
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Supersymmetric and non-supersymmetric critical points of the potential V .
n SUSY minima V  0 non-SUSY maxima V > 0
n = 2 C = 1, Minkowski C = 2
n = 3 C = 1, Minkowski (corner) C = 43
n > 3 C = 1, Minkowski (cusp), C = 2(n−1)2n−3
C = 3(n−1)
(n−3) , AdS4
Table 2
The value of the potential V and its ﬁrst derivative VC at the supersymmetric crit-
ical points.
Minkowski AdS
n = 2 n = 3 n > 3 n > 3
V 0 0 0 − n
2n
n−1
9(n−1)3 (n − 3)
n−3
n−1
VC 0 ± 38 ∞ 0
and
m2C2 = 2K−1T T¯ VCC
∣∣
C2,B2
= n
2
n−1
27(n − 1)3 (4n − 3)(n − 3)
2(n−2)
n−1 > 0, (36)
m2B2 = 2K−1T T¯ V BB
∣∣
C2,B2
= − n
2
n−1
3(n − 1)2 (n − 3)
n−2
n−1 < 0. (37)
Note that we have multiplied the second derivatives of the poten-
tial by 2K−1
T T¯
in order to canonically normalize the kinetic terms
of C , B .
We should mention here that the C = 1 Minkowski point (28)
is quite particular. Namely, although it is a normal local minimum
for n = 2, it is a point with discontinuous ﬁrst derivative (corner)
for n = 3 and singular ﬁrst derivative for n > 3 (cusp). This can ex-
plicitly be seen in Fig. 1, where the potential is depicted around
C = 1 for the three cases. As a result, the scalar equations are not
satisﬁed at this point for n  3 although it is a supersymmetric
critical point. The values of the potential V and its ﬁrst derivative
VC at the supersymmetric points have been tabulated in the fol-
lowing Table 2.
On the other hand, (30) corresponds to an AdS vacuum since
at this point W = 0 and V < 0. Therefore, we expect that (36),
(37) to be the masses of unitary representations of the AdS4 sim-
ple superalgebra osp(1,4). To see this, we will discuss in the next
section the more general case of a single chiral multiplet in super-
gravity.
4. Supersymmetric AdS vacua and masses of unitary multiplets
of osp(1,4)
Let us consider the general form of the N = 1 scalar potential
of a single multiplet z
V = eG(GzGz¯G−1zz¯ − 3). (38)
Since
Vz = eGG2z G z¯G−1zz¯ + eGGzzGz¯G−1zz¯ + eGGz
+ eGGzGz¯
(
G−1zz
)
z¯ − 3eGGz, (39)
it is easy to see that critical points of the potential are points
where
Gz = Gz¯ = 0. (40)These correspond to supersymmetric AdS4 vacua with cosmologi-
cal constant
Λ = V |Gz=Gz¯=0 = −3eG . (41)
The AdS4 scalar curvature is R = −12L−2AdS where the AdS4 radius
LAdS is
L2AdS = −
3
Λ
= e−G (42)
and the Breitenlohner–Freedman bound in d+1-spacetime dimen-
sions
m2L2AdS −
d2
4
(43)
is written in our case as
m2 −9
4
, (44)
in units of eG . At the critical points (40), we ﬁnd that
Vzz = −eGGzz, Vzz¯ = −2eGGzz¯ + eGGzzGz¯z¯G−1zz¯ (45)
and therefore, after multiplying with G−1zz¯ we get
VzzG
−1
zz¯ = −eG A, (46)
Vzz¯G
−1
zz¯ = eG
(−2+ |A|2), (47)
where
A = GzzG−1zz¯ . (48)
In terms of the real and imaginary parts of z (C = √2Re z, B =√
2 Im z) we may write
e−G 1
2
(VCC + VBB) = −2+ |A|2, (49)
e−G 1
2
(VCC − VBB) = −Re A, (50)
e−G VCB = − Im A (51)
and thus, the mass matrix turns out to be, in eG units
M2 =
(
VCC VCB
VCB VBB
)
=
(−2+ |A|2 − Re A − Im A
− Im A −2+ |A|2 + Re A
)
. (52)
By diagonalizing the mass matrix, we ﬁnd that the mass eigenval-
ues are (m2C >m
2
B )
m2B =
(|A| + 1)(|A| − 2), (53)
m2C =
(|A| − 1)(|A| + 2) (54)
(m2B >m
2
C , Eq. (53) and Eq. (54) are interchanged) so that
|A| 2, m2B  0, m2C > 0,
1 |A| < 2, m2B < 0, m2C  0,
|A| < 1, m2C ,m2B < 0.
(55)
Particular values are
|A| = 2, m2B = 0, m2C = 4,
|A| = 1, m2B = −2, m2C = 0, Gzz = Gz¯z¯ = Gzz¯,
|A| = 0, m2 = −2, m2 = −2, G = 0, G = zz¯.
(56)B C zz
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E0 = |A| + 1, (57)
the mass spectrum may be expressed as
m2B = E0(E0 − 3),
m2C = (E0 − 2)(E0 + 1). (58)
We recognize in (58) the masses of the scalars in the Wess–
Zumino unitary representation of osp(1,4)
D(E0, J ) ⊕ D
(
E0 + 1
2
,
1
2
)
⊕ D(E0 + 1,0), (59)
where D(E0, J ) are unitary representations of so(2,3) with energy
E0 and spin J .
It can easily be checked that Eqs. (36), (37) are given by (53),
(54), respectively. In particular, the AdS4 vacuum at C = 3(n−1)n−3 for
n > 3 has |A| = (2n − 3)/n. Therefore 1 < |A| < 2 in this case and
thus m2B < 0, m
2
C > 0 in accordance with (36), (37). Note also that
although m2B < 0 we have
m2B = −
9(n − 1)
n2
> −9
4
, n > 3 (60)
and thus, the Breitenlohner–Freedman bound is satisﬁed.
5. Conclusions
We have discussed here a particular “F (R) supergravity” [12,
13], namely the F (R) =R+Rn class of supergravity models. We
found that this theory is not the supersymmetric completion of
R + Rn , since it does not contain two chiral multiplets. In the old
minimal formulation, such theory contains extra degrees of free-
dom for n > 2 [3]. By introducing appropriate Lagrange multiplier
chiral superﬁelds, we found the dual theory, which describes a
single chiral superﬁeld coupled to supergravity with no-scale Käh-
ler potential and a superpotential term. We discussed the vacuum
structure of this theory and we found that it has always a super-
symmetric Minkowski local minimum for any n > 1 and an anti-de
Sitter vacuum for n > 3. However, only for n = 2 this local min-
imum corresponds, strictly speaking, to a vacuum. The reason is
that for n = 3 this local minimum is a “corner” of the potential
whereas, for n > 3, it is a cusp point. As a result, the second deriva-
tive of the potential, which enters the classical equations of motion
for the scalar, has either a delta-function peak (n = 3), or, it is not
deﬁned at all (n > 3). This makes the interpretation of this point
as a vacuum questionable. On the other hand, we found that the
theory possess a global supersymmetric anti-de Sitter minimum
for n > 3.2 We calculated the masses of the scalar ﬂuctuations
around the anti-de Sitter vacuum and we found that they agree
with the masses of the scalars of the Wess–Zumino unitary repre-
sentation of the simple superalgebra osp(1,4).
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